This work discusses the chaotification of nonchaotic discrete systems based on a procedure that requires the jacobian matrix of the uncontrolled dynamics. The aim is to verify if chaotification is still effective when the jacobian is analytically obtained from identified models (data-driven models) rather than assumed known. This study, that includes two numerical examples, shows that chaotification can be achieved using nonlinear models. Several other issues concerning modeling and the control effort required for chaotification are briefly discussed.
Introduction
Control systems have been around for a long time in many areas of engineering. In the field of nonlinear dynamics, however, in the early nineties a very particular control problem started to be addressed, namely the control of chaos [Ott et al., 1990] . The main aim of such a technique was to suppress chaos by means of small parameter perturbations and the controlled system would settle to some periodic behavior. Some problems and applications of chaos and its control were discussed in [Grebogi et al., 1997] and a more recent and comprehensive review can be found in [Andrievskii & Fradkov, 2003 , 2004 .
Not many years later, a different problem started to be addressed in the community of nonlinear dynamics, namely to make a nonchaotic system chaotic. This has come to be known as chaotification or anticontrol of chaos. Jackson has put forward some reasons for controlling multiple attractor systems and the means to accomplish such a control [Jackson, 1991] . Other early works dealing with chaotification include Yang et al., 1995] , both of which assume that the uncontrolled system has a chaotic attractor and that (anti)control can be accomplished by small parametric perturbations.
The aforementioned works on chaotification do not concern design of a control scheme to guarantee that the controlled system will have certain features, as a set of desired Lyapunov exponents. In a sequence of papers, Chen and Lai have addressed the problem of chaotification of discrete systems [Chen & Lai, 1996 Lai & Chen, 2003] . Briefly, in a recent paper a closed expression was provided for the controller in terms of the system state vector, a set of specified Lyapunov exponents and the uncontrolled system jacobian matrix, which was assumed known [Lai & Chen, 2003] .
In this letter it is desired to follow the work by Chen and Lai but to go a step further. This letter investigates the chaotification of a discretetime system without assuming prior knowledge of the jacobian matrix. Consequently, in order to take advantage of the results by Lai and Chen, a nonlinear model will be constructed from data and an approximation of the system jacobian matrix will be derived by computing analytically the jacobian matrix of the identified model. Several aspects of this approximate procedure will be discussed in the context of two simulated examples, one of them taken from [Lai & Chen, 2003] .
This text is organized as follows. The next section introduces notation and defines the problem to be addressed. Section 3 points out the main aspects of the use of identified models in the design of a chaotification scheme using Lai and Chen's procedure [Lai & Chen, 2003 ]. The procedure is illustrated by means of two simulated examples in Sec. 4. Finally the discussion and main conclusions appear in Sec. 5.
Notation and Problem Statement
Consider the following discrete-time dynamical system
where x k , u k ∈ R n are, respectively, the state and input vectors at time k. If u k = 0, ∀ k, (1) is said to be the uncontrolled original system. It is also assumed that the initial condition x 0 of (1) is given.
In what follows, it is irrelevant if the uncontrolled system displays chaotic dynamics or not. It has been shown that the controlled system (1) with
where Df (x k ) is the jacobian of the uncontrolled system, that is (1) with u k = 0, ∀ k, will have the Lyapunov exponents λ i = σ i , i = 2, . . . , n and λ 1 will be strictly positive if ∂Df (x k )/∂x k is uniformly bounded and the mod-1 operation is used in computing the controlled system states [Lai & Chen, 2003 ].
In this work, it is desired to implement the control u k in (2) without assuming that the jacobian of the uncontrolled system Df (x k ) is known.
Controller Design Using Models
It is believed that to implement a chaotification scheme based on identified models is an important (but by no means the only one) step towards real application of anticontrol of chaos.
In order to accomplish this goal, the specific chaotification scheme proposed in [Lai & Chen, 2003 ] will be implemented without assuming that the jacobian Df (x k ) is known. In order to tackle this situation, a model x k+1 =f (x k ) is identified from data produced by the uncontrolled system (1). Subsequently, the model jacobian Df (x k ) is employed to implement (2). The model representation used is not critical but it should permit analytical differentiation in order to obtain the jacobian
For details on the model building procedure used in this work, the reader is referred to [Aguirre & Billings, 1995] and references therein. In that paper, an expression for (3) is provided for the identified models.
Because Df (x k ), rather than the exact jacobian Df (x k ), is used to implement the control law (2), it is clear that the controlled system will have Lyapunov exponents that approximate the specified set. If the theoretical jacobian Df (x k ) were used, the Lyapunov exponents of the controlled system would exactly match the specified values [Lai & Chen, 2003] . Since the specified values are usually chosen arbitrarily, not to match such values exactly does not seem to be a serious drawback at this stage. Moreover, if the final objective is to have a controlled system with chaotic dynamics, it suffices that one of its Lyapunov exponents be positive.
However, should it be necessary to closely match the specified Lyapunov exponents, it will be shown by means of numerical simulations that a simple control law can be implemented, such as
where K i are controller gains, λ i are the desired values for the Lyapunov exponents andλ i are the Lyapunov exponents of the controlled system which need to be estimated online. The procedure will be illustrated by means of two simulated examples in the next section.
Numerical Results

A two-dimensional map
The discrete-time system considered in this section has been analyzed previously in [Lai & Chen, 2003 ]
where
T ∈ R 2 is the state vector and A = 3.0, a = 1.6 and b = −0.4. The jacobian of (5) is given by
The following initial condition was used Lai & Chen, 2003 ] to simulate 80 data-points from which a second-order model with quadratic nonlinearities was estimated. The particular basis functions (monomials) were automatically selected following a statistical criterion [Billings et al., 1989 ]. The resulting model was
and was validated over other 80 samples, simulated with
T and yielded a mean square (free-run) prediction error of 2.82 × 10 −3 . It is interesting to notice that although the system (5) does not apparently have a polynomial form, it can still be dynamically approximated by a low-order polynomial function.
Following [Lai & Chen, 2003 ] the Lyapunov exponents σ 1 = ln(1.9) = 0.64 and σ 2 = ln(0.5) = −0.69 were imposed by means of the controlled system (1) and (2) which for this system becomes
where, for the ideal system, Df (x k ) is given by (6).
In fact, as shown in [Lai & Chen, 2003 ] the system (9) does have the specified Lyapunov exponents.
In the second phase of this example, the controlled system (9) was implemented with an estimate of the jacobian of the uncontrolled dynamics, Df (x k ), instead of the typically unknown true jacobian. The estimated jacobian can be readily obtained from the identified model (8) by
wheref indicates the model (8). Running the controlled system (9) with the control action computed using Df (x k ) and acting on the true system (5) yielded the following Lyapunov exponentsλ 1 = 0.85 andλ 2 = −0.94 which are about 33% above the stipulated values. The mismatch in the controlled system Lyapunov exponents is a consequence of the approximation Df (x k ) ≈ Df (x k ). In this work no attempt has been carried out to improve the model. However, it seems self-evident that if the model jacobian is made to match the true jacobian in a closer way, the resulting Lyapunov exponents would also be closer to the desired values. We stress that this implementation of the chaotification scheme only used data and the desired Lyapunov exponents.
As mentioned in the introduction, at this stage it seems unlikely that, given a particular application, very precise values of the Lyapunov exponents would be required. However, if it became necessary to get closer to the specified values, wellknown control techniques can be readily applied. The main idea would be to adjust the values of σ i according to a control law until the desired value is attained.
For the sake of illustration, in this example the PI (proportional plus integral) control law within the antichaos control scheme proposed in (4) becomes
Clearly, integral constants could multiply the terms c 1 k−2 and c 2 k−2 in order to improve control performance, but we shall not pursue such a goal here.
Applying the overall control law (11) and (12) with K 1 = 0.03 and K 2 = 0.05 to the system (5), the following Lyapunov exponents are obtained λ 1 = 0.70 andλ 2 = −0.69 which are quite close to the required values.
The main point of this example was to show that the chaotification control (1) and (2) can be computed without assuming the knowledge of the system by means of simple data-driven models. No attempt has been made to optimize results either in terms of modeling or in terms of control.
A map of Buck converter
This example considers a buck switching regulator map [Tse, 1994] 
where α, β and E are constants which only depend on the circuit components, d is the controller output and the saturation h(d) is given by
We consider this map with the values E = 1, α = 0.8872, β = 1.2, X = 0.5 and initial condition x 0 = 0.4. κ is the feedback proportional gain and serves as a bifurcation parameter. For κ = 0 the map (13)- (14) settles to a fixed point.
In this example, it is desired to investigate two different ways of driving the Buck map to chaos, namely by means of appropriate changes in the bifurcation parameter κ and by the virtue of the chaotification control (1) and (2).
Firstly, the following controlled map is investigated
The idea behind (15) is actually very simple. In fact, it consists of rewriting the original map (13) with the control action in the form of (1). In doing this, parameter variations in κ appear as variations in the control signal u k−1 and vice versa. The reason for proceeding in this way is to be able to somehow quantify the control effort required to drive the system to a particular chaotic state for both control approaches, namely changes in κ and by means of (1) and (2).
For instance, starting with κ = 0 (fixed-point) it is desired to drive the system to chaos by setting κ = 10. For this value of κ the map (13)-(14) has a Lyapunov exponent λ 1 = 0.55. The control action required to guarantee κ = 10 is given by (15) and the corresponding energy can be computed over 200 iterates (the first 100 values were discarded in order not to be biased by eventual strong transients) as
The (true) jacobian of the map (13)- (14) for the uncontrolled system (κ = 0) is
Using (1) and (2), the control action for the true buck map in order to have λ 1 = 0.55 = ln(1.73) is given by
for which (16) results in 65.35 which is over twenty times greater than the energy required to achieve the same Lyapunov exponent by means of parameter variation.
Finally, for the sake of completion, a simple model was fitted to 20 iterates of the map (13)- (14) with κ = 0 and an initial condition arbitrarily chosen x 0 = 0.9. The model was
Using (1) and (2), with u k = [−Df (x k ) + 1.73]x k , where Df (x k ) is the derivative of (19) with respect to x k−1 results in chaotic dynamics with Lyapunov exponentλ 1 = 0.32.
Discussion and Conclusions
Not all chaos control systems require a model and when models appear they can be used in different ways. For example, in a recent paper on the design of a control scheme for the chaotification of continuous systems [Morgül, 2003] models were used as reference models, that is, those that determine the desired dynamics. In that paper a model of the system dynamics was assumed known.
The anticontrol scheme (1) and (2) was recently proposed in order to guarantee specified Lyapunov exponents [Lai & Chen, 2003 ]. In order to implement such a scheme the jacobian of the uncontrolled dynamics is required. This work has investigated the problem of driving a nonchaotic discrete system to chaos by means of (1) and (2) but using a jacobian analytically derived from an identified model.
In this respect, it has been shown that the procedure suggested in [Lai & Chen, 2003] still renders chaos when the estimated jacobian is used although the controlled system only approximately (with various degrees of accuracy) matches the specified Lyapunov exponents. However, since there does not seem to be at present any physical motivation to require specific Lyapunov exponents, the approximate matching does not seem to be a serious drawback. Nonetheless, should close matching be still required, it has been shown (see (4), (11) and (12)) that an additional control law may be used to this end.
It is clear that in order to compute the overall control law (11) and (12) would require online estimation of those Lyapunov exponents which should be corrected. It therefore seems that it could be preferable to invest in a better model, to improve on the approximation Df (x k ) ≈ Df (x k ) and leave the resulting Lyapunov exponents without correction.
The modeling issue has not been pursued in this work. Very standard procedures were used to obtain very simple models that, from the standpoint of chaotification, did perform quite well. However, two remarks seem to be in order in what concerns model building for antichaos control. Firstly, since the jacobian is actually needed rather than the model itself, it seems that this type of problem would rather use model representations for which the jacobian of an identified model can be analytically derived. This is quite simple for polynomial, rational and multilayer perceptron models but would prove practically impossible for other local and global representations. Secondly, it seems that all that is required from the model in this type of applications is that its jacobian matrix be close to the jacobian of the uncontrolled system. It would be useful in the model-building stage to use this information, for instance to choose the model structure.
The method proposed in [Lai & Chen, 2003 ] is close in spirit to the Open Plus Closed Loop (OPCL) scheme put forward in [Jackson & Grosu, 1995] in the sense that the original dynamics of the uncontrolled system are canceled and new dynamics with desired features are imposed. In the chaotification method proposed in [Lai & Chen, 2003 ] the jacobian matrix of the true system seems to be used to cancel out the system dynamics and then a diagonal matrix with exponential elements is used to impose the local convergence and divergence rates. Global boundness is guaranteed by the use of mod-1 operations. This leads us to three final remarks. First, as a consequence of the dynamics cancellation, the chaotification scheme is a high-energy scheme. Second, if the true system is only known approximately, by means of a model, dynamic cancellation is not perfect and the resulting error will manifest in the form of approximate Lyapunov exponents in the controlled system. Third, as pointed out by Chen and Lai, even when the controlled system displays exactly the required Lyapunov exponents, this does not guarantee a particular kind of attractor.
As a final conclusion, it seems that an interesting venue for research would be to find low-energy chaotification schemes. One possibility is the procedure based on parameter perturbation -as illustrated for a simple 1 case in Sec. 4.2 -since this will bring at least two benefits. First, as illustrated, since there is no need for dynamics canceling, the procedure is far less demanding as far as control effort is concerned. Second, because the system dynamics are not canceled, the final dynamics are natural to the system [Aguirre & Tôrres, 2000] . The implementation of this procedure would be challenging in cases for which the system will not become chaotic only by means of parameter variation or, even if it will, the parameter values for which chaos appears are not known.
